Appendix: the

Helmholtz Equation

m Helmholtz Equation
m Finite Difference Method

Excerpts from MIT course #3.46 “Photonic Materials and Devices”
© L.C. Kimerling & S. Saini (2006) 1
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Guided Wave Optics

Confining Light in 2 out of 3 Dimensions...

m What if we could trap a Traveling wave along one/two directions?
Standing wave: bounded by a different stiffness (permittivity €)
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1D trapping of wave : “Confinement”

m  What might happen in the trap-free direction (z dimension)?

Excerpts: MIT course #3.46
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Waveguides
Maxwell’'s Equations (case: p=0,J, =0)

Identity: VX (VX E)=V(V-E)-V’E

Traveling

o -~ . 2 2 N2 1
V'Ezng V-B=0 ) ) Wave Vzﬁzeuafznzaf
VxE=_98 VxB=ul +eua—E=eua—E Equation: oo
ot f ot ot X4
m Additional constraint: no propagation in X & y directions t2¢
Is this even possible? S
What can we manipulate: n ,n,,t, (assume t,—eo) n, n, n
1D Confinement: n, n,
- I . K
TE wave E 0 > E\@/ev TM wave
g n, 4 ? B,
n, Ny

+ E#0, E=0, E,=0 = E,=f(x)
+  B,=0, B#0, B,#0 = B,, B,=f(x)

E,=0, E#0, E,#0 = E,, E,=f(X)
B,#0, B,=0, B,=0 = B, =f(x)
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Waveguide Solution

—i( B . 2 2 E T i
(TE) Ansatz: Ey =U(x)e i( fz—oor) VzE:n_a E Traveling

> > Wave
c” ot Eqn
Pyl s Helmholtz Equation:
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Standing waves: no more progation Asin(hx)+ Beos(hx) lxk3d
g et gMiet = 2 cos(kx)e' Ux)=)  Cexp(—gx) x>3d
Dexp(gx) x<3d

m  Ray Optic Intuition:

k, bounces around inside WQE\ y *
ky<P<k, “ B jh h= [(n2k0)2 —[32]1/2, B < n,k,
m Effective Index:I aneffkol 8 -«
1/2
N <Ngx<N, (neﬁ =n,cos0) B q= [ﬁz - (nlko)z] , B> nk,

(B =n,k,cos6) 0 %
Excerpts: MIT course #3.46 kl q 4
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Waveguide Solution b’ dry conditions:

” (continuity)
hAcos(hd /2) —hBsin(hd /2) = —qC exp(—qd / 2)
i OE,

(||) E1|| — EZ Asin(hd /2) + Bcos(hd /2) = Cexp(—qd / 2)

| JE,| _ _ Asin(hd /2) + Bcos(hd /2) = D exp(qd /2)
I ou oy || wu dy | :
My M 1 2 | hAcos(hd /2) +hBsin(hd / 2) = gD exp(—qd / 2)

(differentiability) / \

Define Unitless Parameters: B=0,htan(hd/2)=q A=0,hcot(hd/2)=—q

u=hd/2,v=qd/2 Odd solns Even solns
TE: utan(u) = v, ucot(u) = —v T T
OV 1Y [ 1 Multiple solns
TM: utan(u) :(—2) v,ucot(u) :—[—2) v e | F 1 UX): U (X)
1 n, ! ! .
2 | / A B Bm
) 2 2 2 2\ d +20 " / Net=Nett m
Identity: u”+v =(n,” —n,") — 20 A ,
Y 2 e - , | | m=1,2,3,...
2 ,’I ,"
:NAz(ﬂd} = V2 e ",+2fo a0 - +6.0
Excerpts: MIT course #3.46 A 5
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Guided Wave Optics

Waveguide Modes

m Multiple modes (m=1,2,3,...)
m Single-mode cut-off

B, =n,k,cos6

n
0, -k, !
B =1 > \\\\
m ec .
Brey < \9 .............. >
m=2 n 2
n,

m How to deal with 2D confinement?
Effective index approach
Solve (up to 3) 1-D Egns

Excerpts: MIT course #3.46
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A Ray Optics and Wave Optics picture of Waveguides

B, =n,k,cos6, m Ray Optic visualization

m Alternative approach to transcendental eqn:
Total Internal Reflection

Ray Optic + Fresnel Eqn: solve for cos0,, % \\
(‘Fund. of Phot.’ sec.7.2)
Bragg’'s Law: after two reflections,

B, -t
(S e
& ha
3 ‘\ \‘\ \\ § ‘_'\\ On/gmal wave

Y —

\\\ N _-——Twicewr;f’l:cted

experience 2n-phase shift m(A,/n,)=2dsind,,
m=1,2,3,...
extra path length \e\'qx N
em: : \/\ 1
Bm:]_ ,/// \e\\\\ \
Fresnel reflection n,
—phase shift ¢
“Goos-Hanchen phase shift” 0=k (2q)

Excerpts: MIT course #3.46



The Scalar Field Profile

Finite Difference Method

d 2 2 i+l |: 22 2 :| Ui—l 17 2 2
—U (y)+kU =B U —» = +|k,n - U, + =kyn, U,
02 —2/(k,AX)®  1/(K,AX)? 0 . 0 v, U,
1/(k,Ax)? n,” —2/(k,AX)?  1/(k,AX)? 0 ; U, U,
0 1/(k,Ax)? 1/(k,Ax)? 0 Col=ngl|
: 0 1/(k,Ax)®  n__ 2 —2/(k,AX)? 1/(k,AX)? U U,
I 0 0 1/(k,AX)* N, —2/(keAX) | U, U,
U,=0U,,=0

m Discretize x-axis
Helmholtz: differential — difference
eqn
U(x) > U,
U= (U, 1,Uis)
(Applicable to TE-mode E-field profile)

Field Amplitude (arb. units)

Excerpts: MIT course #3.46

Ny=0.549, p=0.134

Refractive Index



